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The long-time diffusion of two-dimensional dusty plasmas on a one-dimensional periodic substrate
with varied widths is investigated using Langevin dynamical simulations. When the substrate is
narrow and the dust particles form a single row, the diffusion is the smallest in both directions.
We find that as the substrate width gradually increases to twice its initial value, the long-time
diffusion of the two-dimensional dusty plasmas first increases, then decreases, and finally increases
again, giving an oscillation-like diffusion with varied substrate width. When the width increases to
a specific value, the dust particles within each potential well arrange themselves in a stable zigzag
pattern, greatly reducing the diffusion, and leading to the observed oscillation in the diffusion with
the increasing width. In addition, the long-time oscillation-like diffusion is consistent with the
number of dust particles that are hopping across the potential wells of the substrate.
PACS numbers:
I. INTRODUCTION
Diffusive motion on a substrate is a fundamental trans-
port problem with numerous applications in various fields
of science and technology1–4. Two-dimensional (2D) dif-
fusion is of great interest5–8, and it has been widely in-
vestigated in many 2D systems, such as colloidal sus-
pensions9, strongly correlated electrons on the surface of
liquid helium10 and, in particular, strongly coupled dusty
plasmas11. When a periodic substrate is applied to these
systems, the arrangement of particles is distorted as the
particles tends to move toward the local energy minima,
producing a structure that is determined by the sub-
strate. The diffusive motion of particles on the substrate
is also of interest, and this is the focus of the present
work.
A dusty plasma12–17, or a complex plasma, refers to
a partially ionized gas containing micron-sized parti-
cles of solid matter, called dust particles. Under lab-
oratory conditions, these dust particles are typically
charged to ≈ −104e, and their mutual repulsion can
be described by a Yukawa or Debye-Hu¨ckel potential,
φ(r) = Q2 exp(−r/λD)/4pi0r, produced by the shield-
ing effects of free electrons and ions in plasmas18–20.
Here Q is the particle charge and λD is the Debye
screening length. Due to their extremely low charge-to-
mass ratio, the dust particles are in the strongly cou-
pled limit, causing them to exhibit typical liquid-20,21
or solid-like22,23 properties. In typical laboratory condi-
tions, these charged dust particles can self-organize into
a single layer, i.e., a 2D suspension24,25 with negligible
out-of-plane motion. Dusty plasmas are amenable to di-
rect video imaging and individual particle tracking, al-
lowing the motion of individual dust particles to be in-
vestigated at the kinetic level14,24,26. The dusty plasma
is recognized as a promising model system in which to
investigate many physical processes in solids and liquids,
such as heat conduction27–30, shear viscosity31 and diffu-
sion11,32,33,35–40. Previous diffusion studies in 2D dusty
plasmas (2DDP)11,32,33,35–40 focused on systems without
a substrate, while the diffusion of 2DDP on a substrate
was briefly considered in Ref.41. To our knowledge, dif-
fusion of 2DDP on a one-dimensional periodic substrate
(1DPS) with varied width has not been studied previ-
ously.
Here, we report our systematic investigation of the
diffusive motion of 2DDP on 1DPS with varied widths.
We perform Langevin dynamical simulations to mimic a
2D dusty plasma liquid on 1DPS22,42–44. We find that,
as the width of 1DPS varies, the long-time diffusion of
2DDP exhibits an oscillation-like behavior, which we at-
tribute to the stable structure of dust particles within
the potential wells of 1DPS combined with hopping45–47
of dust particles between potential wells. This paper is
organized as follows. In Sec. II, we briefly explain the
Langevin dynamical simulation method used here. In
Sec. III, we present our finding of the oscillation-like dif-
fusion of 2DDP on the 1DPS with varied widths, as well
as an analysis of this behavior using structural and dy-
namical properties. Finally, we provide a brief summary.
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FIG. 1: (Color online) Mean-squared displacement (MSD)
calculated from the motion in the x direction (XMSD) (a)
and in the y direction (YMSD) (b) for the motion of the sim-
ulated 2DDP on the 1DPS of U0 = 0.05E0 with the different
widths. The motion in the x direction is clearly strongly sup-
pressed by the 1DPS. Also, changing the width of the 1DPS
substantially modifies the XMSD and YMSD of 2DDP. We
find that as the width of the 1DPS gradually increases from
1.0021b to 2.0041b, the long-time diffusion (at ωpdt = 1000)
in the x direction does not vary monotonically. Similarly, the
long-time diffusion in the y direction also exhibits multiple
increases and decreases as the width of the 1DPS changes.
II. SIMULATION METHOD
To study the diffusion mechanism of two-dimensional
dusty plasmas on one-dimensional periodic substrates, we
perform Langevin dynamical simulations of 2D Yukawa
systems42. We numerically integrate the equation of mo-
tion
mr¨i = −∇Σφij − νmr˙i + ξi(t) + FSi , (1)
for 1024 dust particles, confined in a rectangular box
with dimensions 61.1a × 52.9a, where a = (npi)−1 is the
Wigner-Seitz radius for an areal number density n for
2D systems. The four forces on the RHS of Eq. (1) are
fully described in42. To characterize our 2DDP, we fix
the coupling parameter Γ = Q2/(4pi0akBT ) = 200 and
the screening parameter κ = a/λD = 2, where T is the
kinetic temperature of the simulated dust particles. In
addition to the value of a, we use the lattice constant
b to normalize the length, with b = 1.9046a for a 2D
defect-free triangular lattice.
The force FSi from the 1DPS is
FSi = −
∂U(x)
∂x
= (2piU0/w) sin(2pix/w)xˆ, (2)
where U(x) = U0 cos(2pix/w) is an array of potential
wells parallel to the y axis. Here, U0 is the substrate
strength in units of E0 = Q
2/4pi0a and w is the width
of the substrate in units of b. We specify the sub-
strate strength U0 = 0.05E0, and gradually change the
substrate width w from 1.0021b to 2.0041b. Since the
simulated size is 61.1a ≈ 32.07b in the x direction,
to satisfy the periodic boundary conditions, we choose
w/b = 1.0021, 1.1057, 1.1876, 1.2333, 1.2826, 1.3942,
1.5270, 1.6033, 1.6877, 1.7814, 1.8862, and 2.0041, corre-
sponding to 32, 29, 27, 26, 25, 23, 21, 20, 19, 18, 17, and 16
full potential wells, respectively.
For each simulation run, we begin with a random con-
figuration of dust particles and integrate for 3× 105 sim-
ulation time steps to achieve a steady state. We then
record the particle positions and velocities during the
next 107 simulation steps. The time step is 0.0037ω−1pd
and ωpd = (Q
2/2pi0ma
3)1/2 is the nominal dusty plasma
frequency. Other simulation details are the same as those
in41,42. In addition, we also perform a few test runs with
a much larger system containing 4096 dust particles, and
find that there is no substantial difference in the results
reported here.
III. RESULTS AND DISCUSSION
A. Diffusion of 2DDP on 1DPS
Here, we study the diffusive motion of 2DDP on 1DPS
with different widths. We calculate the time series of
the mean-square displacement (MSD) from the motion
of dust particles, defined as
MSD = 〈|ri(t)− ri(0)|2〉 = 4Dtα, (3)
where 〈 〉 denotes the ensemble average and ri(t) is the
position of the ith particle at time t. For the long-time
diffusive motion, the exponent α reflects the diffusion
properties. The exponent α = 1 indicates normal dif-
fusion, while α < 1 and α > 1 correspond to sub- and
super-diffusion, respectively.
Figure 1 shows the calculated MSD of 2DDP due to the
motion in two directions on 1DPS with different widths.
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FIG. 2: (Color online) The long-time MSD at ωpdt = 1102,
determined from the motion in two directions for 2DDP on
1DPS with different widths. As the substrate width increases
monotonically from w = 1.0021b to w = 2.0041b, XMSD and
YMSD both initially increase, then decrease, and finally in-
crease again. Although XMSD is much smaller than YMSD
due to the suppressed motion of dust particles in the x direc-
tion by the 1DPS, the magnitude of YMSD is exactly syn-
chronized with that of XMSD. We speculate that there is a
coupling of the motion in one direction with the motion in
the other direction. To further analyze this oscillation-like
long-time diffusion as the substrate width varies, we select
six typical data points, which are marked with arrows.
In the presence of the 1DPS, the initial ballistic and fi-
nal long-time diffusive motion is accompanied by sub-
diffusive motion at intermediate timescales, as clearly
shown in Fig. 1(b) and first observed in41. Here, we focus
primarily on the long-time diffusive motion. In Fig. 1(a),
we shown XMSD, which is the MSD calculated from the
motion in only the x direction, perpendicular to the po-
tential wells. Similarly, in Fig. 1(b), YMSD is calculated
from the motion in only the y direction, parallel to the
potential wells.
As the width of the 1DPS gradually increases from
w = 1.0021b to 2.0041b, the long-time XMSD and YMSD
(at ωpdt = 1000) do not vary monotonically, as shown
in Fig. 1. For some specific values of the width of the
1DPS, such as w = 1.7814b, we find a remarkable de-
crease of the diffusion in both directions. Although there
is no constraint from the potential wells along y direc-
tion, the long-time YMSD also varies nonmonotonically
in the same way as XMSD as the 1DPS width increases.
We speculate that this is due to the coupling of the mo-
tion of dust particles in one direction with the motion in
the other direction. Note that when the width of 1DPS
is close to the lattice constant b, i.e., w = 1.0021b, the
diffusion at long timescales is completely suppressed, sug-
gesting that almost no dust particles can hop45–47 out of
the potential wells in which they were originally located.
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FIG. 3: (Color online). Snapshots of the simulated dust
particle positions (dots) in a 2DDP with Γ = 200 and κ = 2
on the 1DPS (curves) for the six different widths indicated in
Fig. 2: w = (a) 1.0021b, (b) 1.1876b, (c) 1.3942b, (d) 1.6033b,
(e) 1.7814b, and (f) 2.0041b. The substrate strength is fixed
at U0 = 0.05E0. For each panel, the inset illustrates the cor-
responding 2D distribution function48 g(x, y) calculated from
the simulated dust particle positions. When w is small as in
(a) and (b), all of the dust particles are pinned at the bottom
of each potential well, forming 1D or quasi-1D chains. When
the width is larger as in (c) and (d), the dust particle arrange-
ment is much more disordered, giving a liquid-like signature
in g(x, y). When the width increases to w = 1.7814b as in
(e), the dust particles form an ordered zigzag lattice arrange-
ment within each potential well, as also clearly indicated by
the features in g(x, y). When the width increases further to
w = 2.0041b as in (f), the dust particles become disordered
again, giving a nearly liquid-like signature in g(x, y).
To study the variation of the long-time MSD with the
increasing width of the 1DPS, we plot the long-time MSD
at ωpdt = 1102 for different widths of 1DPS ranging from
w = 1.0021b to 2.0041b in Fig. 2. Clearly, the long-time
XMSD and YMSD do not vary monotonically at all. We
find that the long-time YMSD is always much larger than
the long-time XMSD due to the suppressed motion of
dust particles in the x direction by the 1DPS.
As the major result of this paper, we find the
oscillation-like diffusion of dust particles as a function of
the width of the 1DPS. As the width of 1DPS increases
monotonically from w = 1.0021b to w = 2.0041b, the
4time( )twpd
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FIG. 4: (Color online). Typical trajectories of dust par-
ticles from the simulated 2DDP on the 1DPS with six dif-
ferent widths, for the same conditions as in Fig. 3. When
w = 1.0021b in (a), all of the dust particles are pinned at the
bottom of the potential wells, and almost no particles can hop
across the potential wells of the 1DPS. As the width gradu-
ally increases to w = 1.1876b in (b) and 1.3942b in (c), dust
particles are able to move much more freely in the x direction
inside the potential wells, and at the same time, more and
more dust particles are able to hop across the potential wells.
When w = 1.6033b in (d), the number of hopping dust par-
ticles decreases compared to (c). When the width increases
further to w = 1.7814b in (e), the hopping of the dust parti-
cles greatly diminishes, and two ordered rows of dust parti-
cles can be clearly observed at the bottom of each potential
well. When the width further increases to w = 2.0041b in
(f), the number of hopping particles increase again and the
system is much more disordered. These panels show that as
the width increases from w = 1.0021b to w = 2.0041b, the
number of hopping dust particles across the potential wells
first increases, then decreases, and finally increases again.
XMSD and YMSD both initially increase, then decrease,
and finally increase again, as shown in Fig. 2. Changes
in the width of the 1DPS modifies XMSD and YMSD
of the 2DDP substantially. For some specific values of
the width of the 1DPS, such as w = 1.7814b, we find a
remarkable decrease of the long-time diffusion.
Interestingly, the long-time YMSD is exactly synchro-
nized with the XMSD, as indicated by the fact that
XMSD and YMSD have the same oscillation behavior.
We speculate that this synchronization is a result of the
coupling of the motion of the dust particles in one direc-
tion with the motion in the other direction. To further
investigate the underlying physics of this oscillation-like
diffusion, we select six typical data points (a,b,c,d,e,f),
marked with arrows in Fig. 2, at which to analyze the
static arrangement and dynamics of the dust particles.
B. Structure of 2DDP on 1DPS
To determine the underlying physics of the observed
oscillation-like diffusion, we first study the structure or
arrangement of the dust particles for the six different
widths highlighted in Fig. 2. In Figure 3, we present
snapshots of the simulated dust particles of the 2DDP
with Γ = 200 and κ = 2 on 1DPS with different values of
w ranging from w = 1.0021b to w = 2.0041b. The inset
of each panel indicates the corresponding 2D distribution
function48 g(x, y) calculated from the simulated dust par-
ticle positions. The 2D distribution function g(x, y) gives
the probability density of finding a particle at position r2,
given that a particle is located at r1. Unlike the pair cor-
relation function g(r) widely used for isotropic systems,
the 2D distribution function g(x, y) is the static struc-
tural measure employed for anisotropic systems such as
ours. Using g(x, y), we can clearly distinguish whether
the structure of the dust particles is ordered or disor-
dered.
As the width of 1DPS gradually increases from w =
1.0021b to 2.0041b, the structure of the 2DDP within the
1DPS first changes from ordered to disordered, then or-
ders again, and finally returns to a disordered state, as
shown in Fig. 3. Initially when w is small, as shown in
Figs. 3(a) and 3(b), all of the dust particles are pinned at
the bottom of each potential well, forming 1D or quasi-1D
chains. The constraint from the substrate is larger when
the width of the 1DPS is smaller, so the dust particles
are in an ordered arrangement for small w and their long-
time diffusive motion is greatly suppressed in both the x
and y directions. When the width is larger as in Figs. 3(c)
and 3(d), the dust particle arrangement is much more
disordered as clearly observed from the liquid-like distri-
bution function g(x, y), and at the same time the long-
time diffusive motion of the dust particles is much larger.
When the width of 1DPS increases to w = 1.7814b as
shown in Fig. 3(e), we find that, within each potential
well, the dust particles form a stable ordered zig-zag ar-
rangement. From the calculated 2D distribution func-
tion g(x, y) in Fig. 3(e), this zigzag structure produces
sixfold-symmetric enhanced peaks in probability around
the center. The long-time diffusive motion of the dust
particles is greatly suppressed by this stable zigzag struc-
ture for the 1DPS of width w = 1.7814b. When the width
of the 1DPS increases further to w = 2.0041b as shown
5in Fig. 3(f), the dust particles become disordered again,
forming a nearly liquid-like state as indicated by the ring-
like signature in g(x, y). As a result, the diffusive motion
of the dust particles increases again.
The changing trend of the structure of the 2DDP in
Fig. 3 matches well with the oscillation-like diffusion for
varied widths of the 1DPS. The arrangement of the dust
particle at the specific width of w = 1.7814b results in a
dramatic decrease in the long-time diffusion due to the
stable zigzag structure of the 2DDP. We speculate that
the dynamics of the 2DDP, such as the hopping of dust
particles across the potential wells of the 1DPS, would
also be substantially affected by this stable structure, as
we study below.
C. Dynamical behavior of 2DDP on 1DPS
To verify our speculation regarding the hopping of
dust particles across the potential wells of the 1DPS,
we measure typical trajectories over a time duration of
ωpdt = 1102 for the dust particles from the simulated
2DDP on 1DPS with six different widths, as shown in
Fig. 4, with the same conditions as in Fig. 3.
When w = 1.0021b in Fig. 4(a), all of the particles are
pinned at the bottom of the potential wells, and almost
no particles can overcome the potential barrier to hop
across the potential wells. As the width gradually in-
creases from w = 1.1876b in Fig. 4(b) to w = 1.3942b in
Fig. 4(c), the dust particles are able to move much more
freely in the x direction inside the potential wells. More
and more dust particles are able to overcome the poten-
tial barrier to hop across the potential wells. As a re-
sult, the long-time MSD is much larger for these widths.
When w = 1.6033b in Fig. 4(d), within each potential
well we find that two rows of dust particles are able to
form due to the increased width of the 1DPS. The num-
ber of hopping dust particles is, however, smaller than
in Fig. 4(c), most likely due to the increased repulsion
of particles in adjacent columns that results from the
smaller spacing between the particles in the buckled con-
figuration. When the width increases to w = 1.7814b in
Fig. 4(e), two rows of dust particles can be clearly ob-
served at the bottom of each potential well, correspond-
ing to the stable zigzag arrangement, and coinciding with
a dramatic reduction of the number of hopping dust par-
ticles. When the width increases further to w = 2.0041b
in Fig. 4(f), the number of hopping dust particles in-
creases again, which is likely facilitated by the the dis-
ordered arrangement of the dust particles, as shown in
Fig. 3(f).
Note that, as the width of the 1DPS increases from
1.0021b to 2.0041b, the spatial region inside each po-
tential well over which the motion of dust particles in
the x direction occurs first increases, then diminishes,
and finally increases again. At some widths, such as
w = 1.7814b in Fig. 4(e), two rows of dust particles
clearly appear at the bottom of each potential well, cor-
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FIG. 5: (Color online). (a) The number N of dust particles
hopping across the potential wells and (b) the long-time MSD
due to the motion of dust particles in the x direction during
a time duration of ωpdt = 1102 as functions of the width w
of the 1DPS for a constant strength of U0 = 0.05E0. Clearly,
the XMSD in (b) is synchronized with the number of hopping
dust particles N in (a), since the hopping dust particles make
a much larger contribution to XMSD. As the width of the
1DPS increases from w = 1.0021b to 1.3942b, the number
of hopping dust particles N gradually increases, since more
and more dust particles are able to move across the potential
wells. When the width increases further from w = 1.3942b
to 1.7814b, the number of hopping dust particles gradually
diminishes. We attribute this to the appearance of a stable
zigzag arrangement of dust particles, as also shown in Figs. 3
and 4. When the width increases further to w = 2.0041b,
the number of hopping dust particles N gradually increases
again.
responding to the stable zigzag arrangement, and there is
probably some diffusive motion between these two rows.
However, in the MSD measurement, and especially in
XMSD, the diffusive motion between rows inside each po-
tential well has a much smaller effect than the hopping
diffusion between potential wells, since the displacement
due to inter-well hopping is much larger.
We next quantify the hopping dust particles by count-
6ing the number N of hopping dust particles from our
simulation data, as shown in Fig. 5(a). For compari-
son, we also plot the corresponding XMSD in Fig. 5(b).
Clearly, the long-time XMSD in Fig. 5(b) due to the mo-
tion of dust particles in the x direction is synchronized
with N as a function of the width of 1DPS for the time
duration of ωpdt = 1102. As we speculated above, the
long-time XMSD is determined mainly by the number N
of dust particles that hop across the potential wells, and
N is affected by the structural arrangement of the dust
particles inside the potential wells.
As the width of the 1DPS increases from w = 1.0021b
to 2.0041b, the number of hopping dust particles N first
increases, then decreases, and finally increases again.
When the width of 1DPS increases from w = 1.0021b to
1.3942b, the number of hopping dust particles N grad-
ually increases since more and more dust particles can
overcome the potential energy barrier to hop across the
potential wells due to the unstable disordered arrange-
ment of dust particles inside the potential wells, as shown
in Figs. 3 and 4. When the width increases further from
w = 1.3942b to 1.7814b, the number of hopping dust
particles N gradually decreases due to the emergence of
the stable zigzag arrangement of dust particles inside the
potential wells, as also shown in Figs. 3 and 4. When
the width increases further to w = 2.0041b, the number
of hopping dust particles N gradually increases again,
since now the arrangement of dust particles changes from
zigzag to a nearly liquid-like state. Thus, as the width of
the 1DPS varies, the oscillation-like diffusion is correlated
with the static arrangement of the dust particles which
modifies the dynamical dust particle hopping across the
potential wells of the 1DPS.
IV. SUMMARY
In summary, using Langevin dynamical simulations,
we study the diffusion of 2DDP on the 1DPS. We find
that, as the width of the 1DPS increases, the diffusion
of 2DDP exhibits an oscillation-like feature. For small
1DPS widths, the dust particles arrange into a single
row at the bottom of each potential well and the dif-
fusion is greatly suppressed. As the width of the 1DPS
gradually increases, the diffusion of the dust particles
first increases, then decrease, and finally increases again.
Based on the static structural measures and trajectories,
we attribute the diffusion decrease to the stable zigzag ar-
rangement of dust particles within the potential well that
occurs when the width is about w = 1.7814b. We also
find that the long-time diffusion of 2DDP in one direction
is synchronized with the diffusion in the other direction.
Future directions include studying the sliding dynamics
under a drive or tilt to see whether different types of de-
pinning correlate with the oscillations in the diffusion or
whether different types of creep behavior occur49.
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